In this paper, we construct a new Lyapunov function for a variety of SIR and SIRS models in epidemiology. Global stability of the endemic equilibrium states of these systems is established.
N and that the spread of the infection occurs according to the principle of mass action, the model can be described by the system of ordinary differential equations, (1)
Here, a dot denotes the time derivative, b is the birth or recruitment rate, ω is the natural death rate, ω I is the diseaseassociated death rate, γ is the rate of recovery and β is the incidence rate. All these coefficients are strictly positive.
This model may be extended to the case of temporary immunity, when members of the removed class may lose their immunity over time and return to the susceptible class. This extension is called the SIRS model. Furthermore, vertical transmission, that is, the transmission of disease by an infected parent to its offspring, may be incorporated into the SIR model by assuming that a fraction p of the offspring of the infectives are infected at birth and enter the infective compartment [20] . With these assumptions, and denoting the rate of the loss of immunity by α, the model may be represented by the following system of equations:
Under the assumption that the population size N is constant, each of these systems may be reduced to a two-dimensional system. The equation for R(t) is traditionally omitted; it is easy to see that under the assumption of constant population size, this equation is decoupled from the first and the second equation of system (1). The condition N = S +I +R = constant may be used to find R. However, while omitting the equation for R(t) appears to be straightforward, it is clear that the equations for S(t) or I(t) may be omitted instead. Omitting the equation for S(t), rather than for R(t), has the advantage of making the resulting two-dimensional system equivalent for both of the SIR and SIRS models, including the models with vertical transmission. This two-dimensional system is given bẏ
where β = β/N, σ = γ + ω I + ω − pb and ω = ω + α. Omitting the tildes for simplicity of notation and setting q = βN − σ , we can rewrite this system aṡ
Let Q * = (I * , R * ) be the positive equilibrium state of system (3), where I * = ωq/β(γ + ω) and R * = γ q/β(γ + ω). It is easy to see that this equilibrium exists when R 0 = βN/σ > 1. At equilibrium, the equalities q = β(I * + R * ) and γ I * − ωR * = 0 hold. Substituting these expressions into system (3), we can write this system in a skew-symmetric forṁ
An elegant Lyapunov function may be constructed for system (3) . Consider the function
where a = β/2γ > 0. To verify that the function U(I, R) is a Lyapunov function for system (3), we must show thaṫ U(I, R) < 0 for I, R > 0 and (I, R) = (I * , R * ). The function (4) satisfies
Clearly, dU/dt < 0 always holds except at the equilibrium Q * . Furthermore, U(I, R) → ∞ as I → 0 or I → ∞, and U(I, R) → ∞ as R → 0 or R → ∞. Therefore, we may conclude that function (4) is a Lyapunov function for system (3) and that, by the Lyapunov asymptotic stability theorem [1] , the equilibrium Q * is globally asymptotically stable in the positive quadrant, when it exists.
However, if R 0 < 1, then I * , R * < 0 and no positive equilibria exist. In this case, the infection-free equilibrium Q 0 = (0, 0) is the only equilibrium state. It is easy to see thatİ < 0 and hence, I(t) → 0 as t → ∞. Therefore, for all R > 0, R = γ I − ωR < 0 as well. Hence, Q 0 = (0, 0) is also globally asymptotically stable.
